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We characterize the operational task of environment-assisted distillation of quantum coherence under different
sets of free operations when only a finite supply of copies of a given state is available. We first evaluate the
one-shot assisted distillable coherence exactly, and introduce a semidefinite programming bound on it in terms of
a smooth entropic quantity. We prove the bound to be tight for all systems in dimensions 2 and 3, which allows
us to obtain computable expressions for the one-shot rate of distillation, establish an analytical expression for
the best achievable fidelity of assisted distillation for any finite number of copies, and fully solve the problem
of asymptotic zero-error assisted distillation for qubit and qutrit systems. Our characterization shows that all
relevant sets of free operations in the resource theory of coherence have exactly the same power in the task
of one-shot assisted coherence distillation, and furthermore resolves a conjecture regarding the additivity of
coherence of assistance in dimension 3.
1. INTRODUCTION
The characterization of state transformations possible under
restricted sets of operations is the cornerstone of every quantum
resource theory. The fundamental task of resource distillation
is concerned in particular with the transformation of arbitrary
states into more resourceful states — such a task has been stud-
ied extensively in the resource theory of entanglement, where
the goal is to obtain maximally entangled states [1–12], and
later considered also in general resource theories [13, 14]. The
particular case of the distillation of quantum coherence [15–21]
is of importance for several reasons: firstly, the resource theory
of coherence characterizes fundamental quantum resources
available in physical systems [22–25], which makes its theo-
retical description necessary in order to efficiently manipulate
and apply such resources for potential uses in quantum techno-
logical applications; and secondly, because of close relations
between the resource theories of coherence and entanglement
[25], a detailed characterization of the operational properties of
quantum coherence can shed light on the properties of quantum
entanglement, often more difficult to characterize explicitly.
The setting of assisted distillation is based on a scenario in
which the distillation of a resource is aided by another party,
typically assumed to hold a purifying quantum state, whose
assistance is limited to performing local measurements and
communicating their results via a classical channel. Just as
assisted entanglement distillation [4, 5] found a natural ap-
plication in tasks involving environment-assisted communi-
cation and quantum error correction [5, 26–28], the assisted
distillation of coherence can find use in any remote quantum
information processing protocol where one aims to increase
the coherence available to a spatially separated system without
direct access to it [16]. Although this setting has recently gar-
nered both theoretical [29–31] as well as experimental [32, 33]
attention, assisted coherence distillation has not been character-
ized in practical scenarios with physically relevant restrictions
in mind.
In particular, the standard working assumption in quantum
information theory is based on the idealized scenario in which
one has access to an unbounded number of independent and
identically distributed (i.i.d.) copies of a quantum system and
can perform joint state manipulations of all the copies. Al-
though this allows one to make fundamental statements about
the general possibilities and limitations of a resource theory,
it is not a realistic premise from an operational point of view.
The tasks of entanglement and coherence distillation are often
characterized under this assumption [1–3, 15], meaning that
the optimal theoretical rates can be very different from experi-
mentally feasible protocols. To address these problems, a large
array of tools in non-asymptotic quantum information theory
has been established [34–40], finding use also in resource dis-
tillation [7–9, 11, 18–21, 41]. In the non-asymptotic setting,
the characterization of resource distillation can be understood
as the study of the trade-off between the achievable rate of dis-
tillation and the realistic restrictions on state transformations,
including the number of accessible i.i.d. copies of a given state
as well as the allowed error tolerance.
In this work, we investigate assisted coherence distillation in
the non-asymptotic setting. Specifically, we evaluate the one-
shot rate of assisted coherence distillation exactly, expressing
it in terms of a convex roof–type quantity. We introduce an
efficiently computable semidefinite programming (SDP) bound
on the rate of distillation, showing in particular that the bound
is tight for all qubit and qutrit systems. We establish a closed
expression for the best achievable fidelity of distillation for any
number of copies of a low-dimensional system, applicable in
practical and experimental settings. As a corollary of our re-
sults, we also solve an open question regarding the additivity of
coherence of assistance for qutrits raised in [16]. The approach
presented herein does not rely on the methods established for
the characterization of similar tasks in the resource theory of
entanglement [7, 9, 11], and instead uses recently developed
tools in the theory of one-shot coherence distillation [18].
2. THE SETTING OF ASSISTED DISTILLATION
Consider a fixed orthonormal basis {|i〉} in a finite-
dimensional Hilbert space Hd of dimension d. Let D de-
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2note the set of all density matrices. We will use ∆ to denote
the diagonal map (fully dephasing channel) in the basis {|i〉},
whose explicit action is given by ∆(·) B ∑di=1 |i〉〈i | (·) |i〉〈i |,
and I B
{
ω ∈ D
 ω = ∆(ω)} to denote the set of incoher-
ent (diagonal) states. The inner product 〈X,Y〉 will be taken
to be the Hilbert-Schmidt inner product Tr(X†Y ). We will
use the Dirac notation |x〉 to refer to vectors which are not
necessarily normalized. Given a pure state |ψ〉, we will de-
note by ψ the projection |ψ〉〈ψ |. The notation ‖·‖`p will re-
fer to the `p norm defined in the underlying Hilbert space,
‖ |x〉‖`p B (
∑
i |xi |p)1/p with ‖ |x〉‖`∞ = maxi |xi |, while
‖·‖ p will refer to the Schatten p-norm in the space of lin-
ear operators acting onHd , defined for a general matrix M as
‖M ‖ p B
(
Tr
[ (
M†M
)p/2] )1/p with ‖M ‖∞ being the largest
singular value. Moreover, F(ρ, σ) B √ρ√σ21 will be used
to denote the (squared) fidelity.
In the resource theory of quantum coherence, it does not
seem possible to identify a unique set of free operations by
means of physically motivated axioms [25, 42], which makes
it necessary to characterize operational tasks under several dif-
ferent classes of quantum channels. The largest possible set of
such free operations are the maximally incoherent operations
(MIO) [22], defined to be all quantum channels E such that
E (ρ) ∈ I for every ρ ∈ I. A smaller set is given by the inco-
herent operations (IO) [24], which are all channels for which
there exists a Kraus decomposition into incoherent Kraus op-
erators, i.e. {K`} such that K`ρK†` /Tr(K`ρK†` ) ∈ I for all `
and all ρ ∈ I. These transformations can be interpreted as
incoherent measurements which cannot create coherence even
if postselection is applied to the individual measurement out-
comes. The dephasing-covariant incoherent operations (DIO)
[42, 43] are maps E which commute with the dephasing opera-
tion, i.e. ∆[E (ρ)] = E [∆(ρ)]. The smallest of the sets that we
consider are the strictly incoherent operations (SIO) [15, 44],
for which both {K`} and {K†` } are sets of incoherent operators.
Let us first consider the task of coherence distillation without
assistance. Denoting by |Ψm〉 the m-dimensional maximally
coherent state in the reference basis, |Ψm〉 = ∑mi=1 1√m |i〉,
the setting of one-shot coherence distillation under a class of
operations O corresponds to characterizing the best achievable
distillation rate
C(1),ε
d,O (ρ) B log max
{
m ∈ N
 FO(ρ,m) ≥ 1 − ε} , (1)
where we allow a finite distillation error ε, as quantified by the
so-called fidelity of distillation
FO(ρ,m) B max
Λ∈O
〈Λ(ρ), Ψm〉 . (2)
The asymptotic distillable coherence is then obtained by con-
sidering an infinite supply of i.i.d. copies of the given quantum
system, while requiring the distillation error to vanish asymp-
totically:
C∞d,O(ρ) B limε→0 limn→∞
1
n
C(1),ε
d,O (ρ⊗n). (3)
It has been shown that all sets of operations O ∈
{MIO,DIO, IO} give rise to the same asymptotic rate of distil-
lation, C∞
d,O(ρ) = S(∆(ρ)) − S(ρ) [15, 17, 18, 45], while SIO
are significantly weaker and exhibit a generic phenomenon of
bound (undistillable) coherence [20, 21].
The setting of assisted distillation exhibits fundamental qual-
itative and quantitative differences from the unassisted case
[46]. In the protocol of distillation with assistance, we consider
two parties (Alice and Bob) who share a pure quantum state
|ψAB〉, and Alice’s task is to assist Bob in distilling coherence
from his part of the shared system by performing local mea-
surements on her part of the system and communicating the
results to Bob. Since the set of such measurements (which can,
without loss of generality, assumed to be rank one [9]) is in a
one-to-one correspondence with the set of convex decompo-
sitions of Bob’s system ρB B TrA |ψAB〉〈ψAB | [47, 48], this
effectively means that Alice’s role in the protocol is to allow
Bob to access any pure-state decomposition of ρB. Therefore,
the best achievable assisted distillation rate under a class of
operations O on Bob’s system can be expressed as
C(1),ε
A,O (ρB) B log max
{
m ∈ N  FA,O (ρB,m) ≥ 1 − ε } (4)
with the figure of merit being the average fidelity of distilla-
tion [9], defined as
FA,O (ρB,m) B max
{ 〈∑
i
pi Λi (ψi) ,Ψm
〉
 ρB = ∑
i
piψi, Λi ∈ O ∀i
} (5)
where the maximization is over all pure-state decompositions
of ρB. The definition of FA,O is motivated by the fact that, af-
ter Alice announces her measurement result to Bob, he knows
exactly which of the states {|ψi〉} he is in possession of, and
can apply an appropriate operation Λi best suited for the par-
ticular state; since the measurement outcome itself behaves
probabilistically, FA,O is then defined to characterize the best
fidelity of assisted distillation achievable on average.
Employing results from the theory of entanglement distilla-
tion [5], it has been shown that the asymptotic rate of assisted
coherence distillation under incoherent operations is given by
the regularized coherence of assistance Ca [16], that is,
C∞A,IO(ρB) B limε→0 limn→∞
1
n
C(1),ε
A,IO (ρ⊗n) = limn→∞
1
n
Ca(ρ⊗nB ) (6)
where
Ca(ρB) B max
{∑
i
pi S (∆(ψi))
 ρB = ∑
i
piψi
}
(7)
with the optimization performed over all pure-state decomposi-
tions of ρB. Surprisingly, it turns out that the above regularized
coherence of assistance admits a closed single-letter formula,
given by the entropy of the diagonal part of the state in consid-
eration:
lim
n→∞
1
n
Ca(ρ⊗nB ) = S (∆(ρB)) . (8)
3We stress that the coherence of assistance (7) acquires an
operational meaning in the task of assisted coherence distilla-
tion only in this asymptotic setting — although several authors
have referred to Ca as the one-shot equivalent of C∞A,IO, this is
not motivated operationally, and the best achievable rate in the
non-asymptotic regime has not been characterized thus far.
In the following, we will omit the subscript B and write ρ
for Bob’s system, working under the assumption that Alice
holds a purifying system.
3. FIDELITY AND RATE OF DISTILLATION
Notice first that the average fidelity of assisted distillation
can be equivalently given as
FA,O (ρ,m) = max
{∑
i
pi max
Λi ∈O
〈Λi(ψi),Ψm〉
 ρ = ∑
i
piψi
}
= max
{∑
i
pi FO (ψi,m)
 ρ = ∑
i
piψi
}
(9)
since the diagonal unitary operation adjusting the phases of the
given pure state |ψi〉 is always a free operation.
It has recently been shown that the fidelity of distillation of
a pure state FO(ψ,m) is the same for any set of operations
O ∈ {MIO,DIO, IO, SIO}, and admits an explicit formula
as [18]
FO(ψ,m) = 1m ‖ |ψ〉‖
2
[m] , (10)
with ‖|ψ〉‖ [m] B min |x 〉 ‖ |ψ〉 − |x〉‖`1 +
√
m ‖|x〉‖`2 being
the so-called m-distillation norm. Since we can already see
from Eq. (9) that the fidelity of assisted distillation of a mixed
state depends only on the corresponding pure-state distillation
fidelities, this immediately implies that the one-shot rate of
assisted coherence distillation of any state will be the same
under any of the sets O ∈ {MIO,DIO, IO, SIO}. This stands
in a sharp contrast to the case of unassisted distillation, where,
although the one-shot rates of distillation under MIO, DIO, and
IO are all approximately equal [18, 20], the set of operations
SIO is much weaker and unable to distill any coherence from
most mixed states, even asymptotically [21].
Now, although ‖ |ψ〉‖ [m] is in fact exactly computable for
any pure state, here we will not make use of this exact expres-
sion, and instead use its dual representation [18]:
‖ |ψ〉‖ [m] = max
{
|〈ψ |ω〉|
 ‖|ω〉‖`∞ ≤ 1, ‖ |ω〉‖`2 = √m}
(11)
with the particular cases ‖ |ψ〉‖ [1] = ‖ |ψ〉‖`2 , ‖|ψ〉‖ [d] =‖ |ψ〉‖`1 . Notice that now m can be considered as a contin-
uous parameter, and we will hereafter treat it as such. Consider
then a family of sets of density matrices defined by
Mm B conv
{
|ω〉〈ω |
 ‖ |ω〉‖`∞ ≤ 1√m, ‖ |ω〉‖`2 = 1
}
(12)
which allows us to equivalently write
FO(ψ,m) = max
ω∈Mm
〈ψ, ω〉 = max
ω∈Mm
F(ψ, ω). (13)
The result of [49] tells us that, sinceMm is a convex hull of
pure states, we have the following.
Lemma 1.
FA,O (ρ,m) = max
{∑
i
pi max
ω∈Mm
F(ψi, ω)
 ρ = ∑
i
piψi
}
= max
ω∈Mm
F(ρ, ω).
(14)
That is, to compute the average fidelity of assisted distilla-
tion it suffices to maximize the fidelity of the state ρ over the
setMm, and the optimization over pure-state decompositions
of ρ is not necessary. Since the derivation of this fact in Ref.
[49] is missing a minor step, we include a brief justification
of (14) below for completeness.
Proof. By Uhlmann’s theorem [50], the right-hand side can be
expressed as
max
ω∈Mm
F(ρ, ω) = max
ω∈Mm
max
Ψω,Ψρ
〈Ψρ |Ψω〉2 , (15)
where the internal maximization on the right-hand side is over
all purifications of ρ and ω. Furthermore, we can restrict
ourselves to a fixed purification of ω [51]. If ω =
∑
i qiηi is a
decomposition of ω into pure states ηi = |ηi〉〈ηi | ∈ Mm, we
choose |Ψω〉 B ∑i √qi |ηi〉 |i〉. Any purification of ρ over the
same system can then be expanded as |Ψρ〉 = ∑i √pi |ψi〉 |i〉
with respect to the orthonormal basis {|i〉} on the purifying
system. Here, {pi, ψi} forms a pure-state decomposition of ρ.
Since 〈Ψω |Ψρ〉 = ∑i √piqi 〈ηi |ψi〉, we deduce that
max
ω∈Mm
F(ρ, ω) = max

∑
i
√
piqi 〈ηi |ψi〉
2 ρ = ∑i piψi, ω = ∑i qiηi, ηi ∈ Mm

= max
{∑
i
pi |〈ηi |ψi〉|2
 ρ = ∑
i
piψi, ηi ∈ Mm
}
(16)
= max
{∑
i
pi max
ω∈Mm
F(ψi, ω)
 ρ = ∑
i
piψi
}
.
We can then use the above results to express the one-shot
assisted distillation rate as
C(1),ε
A,O (ρ) = log max
{
m ∈ N
 FA,O(ρ,m) ≥ 1 − ε}
= log max
{
m ∈ N | F(ρ, ω) ≥ 1 − ε, ω ∈ Mm
}
.
(17)
Consider now a function ϑ such that, for any m ≥ 1 and any
ω ∈ D, we have ω ∈ Mm ⇐⇒ ϑ(ω) ≤ 1m . Based on the
4definition ofMm, a simple choice of such a function can be
made as
ϑ(ω) B min
{
max
i
‖ |ψi〉‖2`∞
 ω = ∑
i
piψi
}
. (18)
Letting Bε(ρ) B
{
ω ∈ D
 F(ρ, ω) ≥ 1 − ε} be the ε-ball of
ρ in purified distance and introducing the shorthand bxclog B
log b2xc, we can rewrite Eq. (17) as
C(1),ε
A,O (ρ) =
⌊
− log min
ω∈Bε (ρ)
{
k ∈ R
 ϑ(ω) ≤ k}⌋
log
. (19)
Putting all of our considerations together, we have the fol-
lowing result, which characterizes the one-shot distillation of
coherence completely.
Theorem 2. For any state ρ ∈ D and any class of operations
O ∈ {MIO,DIO, SIO, IO}, the maximal achievable fidelity of
assisted distillation as well as the rate of one-shot assisted
distillation are given as
FA,O (ρ,m) = max
ω∈Mm
F(ρ, ω),
C(1),ε
A,O (ρ) =
⌊
− log min
ω∈Bε (ρ)
ϑ(ω)
⌋
log
.
(20)
The difficulty in evaluating ϑ, however, means that one
cannot expect C(1),ε
A,O (ρ) to be computable in general cases, and
prompts our investigation of appropriate relaxations.
Note that a quantifier equivalent to ϑ was used to bound
the one-shot assisted distillable entanglement by Buscemi and
Datta in Ref. [9], derived there using a complementary set of
methods.
4. SDP RELAXATION
Consider a relaxation of the setMm defined as follows:
M˜m B
{
ω ∈ D
 ‖∆(ω)‖∞ ≤ 1m } . (21)
The inclusionMm ⊆ M˜m is then obvious, since any |ψ〉〈ψ | ∈
Mm is contained in M˜m, and hence also all convex combina-
tions of such rank-one terms. Although it might be tempting to
conjecture thatMm = M˜m, this can be shown to be true only
in dimension d ≤ 3, and in general the inclusion can be strict.
Theorem 3. In dimension d ∈ {2, 3} it holds thatMm = M˜m
for all m, but for any d ≥ 4 there exist m s.t.Mm $ M˜m, and
in particularMd $ M˜d .
Proof. A particular simplification occurs in the case m = d,
where we get M˜d =
{
X ≥ 0  Xii = 1d ∀i }. This set (up to a
multiplicative factor of 1d ) corresponds to the set of so-called
correlation matrices. In particular, it is known that the extremal
points of the set M˜d are given by rank-one matrices only in
the case of d ∈ {2, 3}, and for any d ≥ 4, there exist extremal
points of M˜d of rank at least 2 [52–54]. Since no such extremal
rank-2 matrix can be written as a convex combination of rank-
one matrices in M˜d , we have M˜d ,Md when d ≥ 4.
Consider now the case of d ∈ {2, 3} and take ρ ∈ M˜m
for any m ≥ 1. We will assume without loss of generality
that ∆(ρ) > 0, since otherwise one can apply an inconse-
quential permutation of the basis vectors to write ρ = ρ′ ⊕ 0,
reducing the problem to the lower-dimensional case. Define
X B ∆(ρ)−1/2 ρ∆(ρ)−1/2 so that ∆(X) = 1. Since X is a cor-
relation matrix, by the result of [52] discussed above it admits
a convex pure-state convex decomposition as X =
∑
i piξ ′i
with each ∆(ξ ′i ) = 1. Defining |ξi〉 B ∆(ρ)1/2 |ξ ′i 〉 we get
ρ =
∑
i piξi with ∆(ξi) = ∆(ρ) for all i, which means in
particular that ρ admits a rank-one convex decomposition in
M˜m. This implies that M˜m ⊆ Mm, concluding the proof that
M˜m =Mm in dimension 2 and 3.
Notice that the proof of the above Theorem also shows a
general property of quantum states:
Corollary 4. Every ρ ∈ D in dimension d ≤ 3 admits a
convex decomposition into pure states as ρ =
∑
i piψi such
that ∆(ψi) = ∆(ρ) for all i.
This in particular solves an open question raised in [16] con-
cerning the additivity of the coherence of assistance Ca in
dimension d = 3; we will address this point in more detail in
Sec. 6.
The most important point about relaxing the set Mm to
M˜m is that M˜m can be represented by simple linear matrix
inequalities, allowing us to reduce many of the intractable opti-
mization problems involved in computing the one-shot assisted
distillable coherence to efficiently computable semidefinite
programs. In particular, since the fidelity function is known
to be computable with an SDP [55, 56], we can define the
semidefinite program
F˜A,O (ρ,m) B max
ω∈M˜m
F(ρ, ω) (22)
and the following SDP relaxation of the one-shot assisted dis-
tillation rate:
C˜(1),ε
A,O (ρ) B log max
{
m ∈ N
 F˜A,O(ρ,m) ≥ 1−ε}
= log max
{
m∈N
 F(ρ, ω)≥1−ε, ω∈D, ‖∆(ω)‖∞ ≤ 1m }
=
⌊
− log min
ω∈Bε (ρ)
‖∆(ω)‖∞
⌋
log
.
(23)
In addition to establishing a general upper bound on the one-
shot distillable coherence in the assisted setting, an application
of Thm. 3 then allows us to exactly characterize of the rate of
distillation for low-dimensional systems.
Corollary 5. For every ρ ∈ D it holds that C(1),ε
A,O (ρ) ≤
C˜(1),ε
A,O (ρ), with equality if d ≤ 3.
5As a particular case of this result, the zero-error assisted
distillable coherence is given for d ≤ 3 precisely by C(1),0
A,O (ρ) =
log
⌊‖∆(ρ)‖−1∞ ⌋ . It is straightforward to see from Cor. 4 that,
since any state ρ in d ≤ 3 admits a pure-state decomposition
{pi, ψi} such that ∆(ψi) = ∆(ρ) for all i, then so does ρ⊗n
for any n, and so the rate of assisted distillation of a many-
copy state will depend only on
∆(ρ⊗n)∞ = ‖∆(ρ)‖n∞. In the
asymptotic limit, we therefore obtain the zero-error assisted
distillation rate
lim
n→∞
1
n
C(1),0
A,O (ρ⊗n) = − log ‖∆(ρ)‖∞ (24)
for any qubit or qutrit system ρ. For larger dimensions of
ρ, log
⌊‖∆(ρ)‖−1∞ ⌋ provides an upper bound for the zero-error
rate C(1),0
A,O (ρ), tight in all dimensions for ρ pure [18]. Simi-
larly, − log ‖∆(ρ)‖∞ is then an upper bound on the asymptotic
zero-error assisted distillation rate, with equality for pure-state
inputs.
5. QUANTIFYING THE FIDELITY OF DISTILLATION
We will now introduce an easily computable bound on the
fidelity of distillation FA,O , and show that it is tight for all qubit
and qutrit systems, leading to an analytical characterization of
the distillation fidelity for any finite number of copies of a given
state. To this end, let |δ(ρ)〉 denote the d-dimensional vector
obtained from the square roots of the diagonal elements of ρ,
i.e. δ(ρ) = diag(√∆(ρ)). We can then notice the following
relation:
Theorem 6. For any integer m ≥ 1 it holds that FA,O(ρ,m) ≤
1
m
‖δ(ρ)‖2[m], with equality if d ≤ 3 or if ρ = σ⊗n for n ∈ N
and a state σ of dimension at most 3.
Proof. Let Rd+ denote the set of all vectors |x〉 such that xi ≥ 0
for all i. We first make note of the fact that{
|δ(ω)〉
 ω ∈ M˜m }
=
{
|x〉
 ‖ |x〉‖`∞ ≤ 1√m, ‖ |x〉‖`2 = 1, |x〉 ∈ Rd+
}
.
(25)
This can be seen by noting that every matrix ω ∈ M˜m is a
normalized density matrix, which implies the conditions that
|δ(ω)〉 ∈ Rd+ as well as Tr(ω) = ‖ |δ(ω)〉‖2`2 = 1; furthermore,
each such ω satisfies ‖∆(ω)‖∞ = ‖|δ(ω)〉‖2`∞ ≤ 1m . We now
use the fact that, for any vector |y〉 ∈ Rd+ s.t. ‖ |y〉‖`2 = 1, to
compute the m-distillation norm it suffices to optimize over
vectors in Rd+, that is
‖|y〉‖ [m] = max
{
〈y |δ(ω)〉
 ω ∈ M˜m} , (26)
which can be seen by using the explicit form of an optimal
solution of the above optimization obtained in [18, Thm. 4].
Using the monotonicity of fidelity under quantum channels,
we now have
FA,O(ρ,m) ≤ F˜A,O(ρ,m)
= max
ω∈M˜m
F(ρ, ω)
≤ max
ω∈M˜m
F(∆(ρ),∆(ω))
= max
ω∈M˜m
√∆(ρ)√∆(ω)2
1
= max
ω∈M˜m
(∑
i
δ(ρ)i δ(ω)i
)2
= max
{
〈δ(ρ)|δ(ω)〉2
 ω ∈ M˜m }
=
1
m
‖δ(ρ)‖2[m] .
(27)
This establishes the first part of the Theorem. To show achiev-
ability, note by Cor. 4 that any density matrix with d ∈ {2, 3}
(or a tensor product thereof) admits a pure-state decomposition
into ρ =
∑
i piψi such that ∆(ψi) = ∆(ρ) ∀i. Writing ρ in this
decomposition, we then have
FA,O(ρ,m) ≥
∑
i
piFO (ψi,m)
=
∑
i
pi ‖ |ψi〉‖2[m] (28)
= ‖ |ψi〉‖2[m]
= ‖δ(ρ)‖2[m] .
Theorem 6 allows us to compute the achievable distillation
fidelity exactly for any number of copies of a qubit or qutrit
system. We stress that ‖·‖ [m] admits a semi-analytical formula
[18], making the evaluation of the fidelity straightforward:
‖δ(ρ)‖ [m] =
δ(ρ)↓1:m−k?`1 + √k? δ(ρ)↓m−k?+1:d`2 (29)
where δ(ρ)↓ denotes the vector δ(ρ) with coefficients arranged
in non-increasing order by magnitude, δ(ρ)↓
a:b refers to a sub-
vector consisting of the corresponding range of coefficients of
δ(ρ)↓, and k? B arg min1≤k≤m 1√k
δ(ρ)↓m−k+1:d`2 . In partic-
ular, we have that
FA,O(ρ, 2) =
{
1, ‖∆(ρ)‖∞ ≤ 12√‖∆(ρ)‖∞ (1 − ‖∆(ρ)‖∞) + 12, ‖∆(ρ)‖∞ ≥ 12
for any qubit or qutrit state ρ. In the case of d = 3 and m = 3,
we can similarly compute the fidelity as
FA,O(ρ, 3) = 13
(√
ρ11 +
√
ρ22 +
√
ρ33
)2 (30)
where ρii denote the diagonal elements of ρ.
Importantly, the setting of assisted coherence distillation in
which Alice and Bob share a two-qubit system has recently
found application in experimental setups [32, 33]. This imme-
diately demonstrates the applicability of our characterization
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FIG. 1: How does increasing the number of copies affect the achievable fidelity of distillation of a single bit of coherence?
The figures present a comparison between the fidelity of assisted distillation FA,O(ρ⊗n, 2) as obtained in this work, as well as
the fidelity of unassisted distillation FO(ρ⊗n, 2) for O ∈ {MIO,DIO} as obtained in [18] and for O = SIO as obtained in
[20, 21]. In each case, we consider the distillation from the state ρ⊗n for n ∈ {1, 2, 3, 4}.
Figure (a) shows in particular the fundamental difference between assisted and unassisted distillation in that assistance allows
for distillation from incoherent states. Figure (b) showcases the advantage provided by the assistance, as one can see that the
state ρ admits a value of p < 12 such that perfect distillation of Ψ2 is possible already from one copy of ρ with assistance,
while even four copies are insufficient without it. We further recall from [21] that the SIO fidelity is bounded away from 1 for
any number of copies of the state ρ in (b). We finally remark the curious phenomenon in (c), where increasing the number of
copies does not increase the achievable fidelity under SIO (previously noted in [21]), while the increase in fidelity of
distillation for MIO/DIO occurs only for odd number of copies ρ⊗n. At the same time, perfect assisted distillation is possible
already for one copy of the state, since the maximally mixed state is as useful as the maximally coherent state for assisted
distillation.
to such experimental investigations. We emphasize that in
settings where only a finite number of copies of the total state
is available, the one-shot fidelity FA,O and rate C
(1),ε
A,O are more
meaningful than asymptotic figures of merit such as the regu-
larized coherence of assistance.
To explicitly and quantitatively demonstrate the advantage
provided by assistance in the task of non-asymptotic coherence
distillation, one may wish to compare our results with the case
of unassisted distillation [18, 20, 21]. A comparison between
the achievable fidelities of distillation in the few-copy setting,
including for the states considered experimentally in [32], is
presented in Fig. 1.
Additionally, based on numerical evidence, we can conjec-
ture that F˜A,O(ρ,m) = 1m ‖δ(ρ)‖2[m] in any dimension, which
would give a clear interpretation to the considered quantity
‖δ(ρ)‖ [m] as the fidelity with respect to the set M˜m. Note in
particular that [18] ‖δ(ρ)‖2[m] = m ⇐⇒ ‖∆(ρ)‖∞ ≤ 1m ⇐⇒
ρ ∈ M˜m.
6. COHERENCE OF ASSISTANCE
A characterization of the protocol of assisted coherence
distillation in the limit of infinitely many i.i.d. copies was intro-
duced in Ref. [16], where the relation between the operational
quantity C∞A,IO and the coherence of assistance was explored.
Recall that the coherence of assistance, defined in (7), satisfies
C∞a (ρ) B lim
n→∞
1
n
Ca(ρ⊗n) = C∞A,IO(ρ) = S(∆(ρ)), (31)
and the results of our work show that one can replace IO with
any set of operations SIO, DIO, MIO.
In [16] it was shown that Ca(ρ) = C∞a (ρ) for any qubit state
ρ, but the problem of additivity of Ca(ρ) for qutrit systems was
left as an open question, later explored also in [31]. Using the
results of our work, we answer it in the affirmative1.
Proposition 7. Ca(ρ) = C∞a (ρ) for any state ρ with d ≤ 3, but
in d ≥ 4 there exist states such that C∞a > Ca(ρ).
Proof. By Cor. 4, every state ρ in d ≤ 3 admits a pure-state
decomposition into states with diagonal elements equal to those
of ρ. Writing ρ in this decomposition, we have
Ca(ρ) ≥
∑
i
piS(∆(ρ)) = S(∆(ρ)) = C∞a (ρ). (32)
Since the converse inequality C∞a (ρ) ≥ Ca(ρ) is elementary,
the first part of the result follows.
When d ≥ 4, from Thm. 3 we know that there exist states
ρ ∈ M˜d such that ∆(ρ) = 1d1 but there is no ensemble of pure
states ψi satisfying ρ =
∑
i piψi and ∆(ψi) = 1d1 for all i. This
entails that for all such ensembles
C∞a (ρ) = S (∆(ρ)) = log d >
∑
i
piS(∆(ψi)) (33)
as the uniform distribution is the unique maximizer of the
Shannon entropy. Maximizing over all ensembles yields
C∞a (ρ) > Ca(ρ), as claimed.
1 The fact that coherence of assistance is not additive for d > 3 has been
correctly pointed out in Ref. [16], but the proof provided there has a gap.
7We remark that Prop. 7 disproves a claim in Ref. [57] that
Ca is additive for any d.
7. CONCLUSIONS
We have studied the task of assisted distillation of coher-
ence in non-asymptotic regimes and introduced a mathematical
framework for its characterization. We established an exact
quantification of the maximal fidelity of distillation as well
as the best achievable distillation rates in the non-asymptotic
setting, deriving computable SDP and analytical results for
low-dimensional systems.
One of the implications of the characterization presented
herein is that the best achievable rate of assisted distillation
is the same regardless of the class of operations used by Bob
in the protocol. We remark that [30] considered also more
general settings of asymptotic assisted distillation, for example
the scenario where Alice is restricted to performing incoherent
local operations, as well as the case where Alice and Bob
together can perform a larger class of operations called the
separable incoherent operations. Interestingly, it was shown
that the asymptotic rate of assisted distillation is the same in
all of these cases. Our results extend this analysis by showing
that even by allowing Bob access to the maximal set of free
operations MIO one still cannot improve the rate of assisted
distillation, even in the non-asymptotic regime.
The results provide insight into both the operational
characterization as well as the mathematical formalism of the
resource theory of quantum coherence, contributing to a better
understanding of this fundamental resource, particularly in
practical and experimentally-relevant scenarios. Exploiting
the similarities between coherence and other resource theories
such as thermodynamics and entanglement, we hope that
our framework can find use beyond the theory of quantum
coherence, as well as in generalized settings of assisted
distillation.
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